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Abstract
A novel numerical approach to analyze the mechanical behavior within composite mate-
rials including the inelastic regime up to final failure is presented. Therefore, a second-
gradient theory is combined with phase-field methods to fracture. In particular, we
assume that the polymeric matrix material undergoes ductile fracture, whereas con-
tinuously embedded fibers undergo brittle fracture as it is typical e.g. for roving glass
reinforced thermoplastics. A hybrid phase-field approach is developed and applied along
with a modified Gurson-Tvergaard-Needelman GTN-type plasticity model accounting for
a temperature-dependent growth of voids on microscale. The mechanical response of the
arising microstructure of the woven fabric gives rise to additional higher-order terms,
representing homogenized bending contributions of the fibers. Eventually, a series of
tests is conducted for this physically comprehensive multifield formulation to investigate
different kinds and sequences of failure within long fiber reinforced polymers.
Keywords: Higher-gradient materials, woven fabrics, ductile fracture, thermomechan-
ics, hybrid phase-field approach, GTN model
1 Introduction
In the past decade, lightweight designs of composite materials have gained increasing
attention in research including the field of computational engineering. This is primarily
due to the wide range of industrial applications of composites. In the last years, novel
machines for additive manufacturing have been designed and introduced to the market,
which are able to construct tailor made composites with controllable mechanical prop-
erties by adding fibers during the manufacturing process into the produced parts. New
challenges arise for the implementation of this class of materials in a suitable simulation
environment to obtain realistic predictions of the material behavior. In particular, nu-
merical investigations of complex structures made of composite materials, which undergo
large deformations with regard to thermomechanical effects are demanding and of high
interest at the same time. In the present work, we focus on long fiber reinforced ther-
moplastics which are complex materials with pronounced deformations and temperature
dependent material properties. In addition, various damage and fracture mechanisms
have to be investigated to formulate realistic simulation models.
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Fiber reinforced materials can be understood as materials with a detailed microstructure
since the length scales of the embedded fibers are small compared to the surrounding con-
tinuum. A most general framework to incorporate the effects of microstructures within a
continuum formulation has been presented in the pioneering and most fundamental work
on higher-gradient theories of Mindlin [52, 53], see also the work of Germain [28], Toupin
[75, 74] as well as Eringen [27]. A general non-linear framework on higher-order theo-
ries has been proposed by Javili et al. [38]. Based on these most general formulations,
specific mechanical problems like elastic nets and woven fabrics have been addressed
in Steigmann et al. [71, 68, 70, 69], see also dell’Isola et al. [20] for the application on
panthographic structures. In Schulte et al. [60], a model of a woven fabric as presented
in Steigmann [69] has been embedded into the Kirchhoff-Love shell theory. Therein,
the in-plane flexural resistance of the fibers is taken into account in addition to first
gradient anisotropic effects. Within this previous work, we were able to demonstrate
on the basis of experimental results that a classical Cauchy continuum theory without
higher-gradient contributions can only be adapted to a specific fiber orientation and load
case, but never independently on the orientation. In contrast, the proposed formulation
as generalized continuum with higher-gradient contributions allows for an independent
modeling without recalibration of the material for the specific fiber direction. Further
discussions on higher-order contributions for the constitutive modeling of composites
have been presented in Asmanoglo and Menzel [7, 8], using the framework as provided
in the preliminary work of Spencer and Soldatos [67] and Soldatos [66]. Note that we
will show here, that the formulation as proposed by dell’Isola et al. [20] can be recast
into the formulation of Asmanoglo and Menzel [7, 8].
Fiber reinforced polymers are exposed to various damage mechanisms. A large num-
ber of phenomenological and micromechanical approaches exists in literature for the
modeling of damage within polymers used here as matrix material. To describe such
phenomena, the material behavior at the microscale must be incorporated within the
continuum formulation. In particular, the growth of microvoids prior to final rupture
at the macroscale needs to be considered as rooted in the pioneering works of Gurson
[30, 31]. Therein, a macroscopic yield surface has been developed by homogenization of
a porous representative volume element with assumed rigid plastic flow, which degrades
with increasing void fraction. Later, this model was modified by Tvergaard [76], Tver-
gaard and Needleman [77], Needleman and Tvergaard [55], Leblond et al. [42], Nahshon
and Hutchinson [54], Xue et al. [79], Li et al. [47] and Huespe et al. [36] to account for
damage growth, where the yield criterion function has been extended by introducing
new material parameters to account for nucleation and coalescence effects. In Hütter
et al. [37] and Reusch et al. [58, 59], non-local Gurson-models to overcome the non-
physical mesh sensitivity in the softening materials have been presented. Actual work
on the application of this model towards polyamide, as often used for fiber reinforced
thermoplastics, can be found e.g. in Selles et al. [64] and Cayzac et al. [16].
A model for initiation and propagation of ductile fracture using the damage plasticity
theory has been proposed in Bai and Wierzbicki [9]. Moreover, a large number of purely
phenomenological approaches exist in literature describing ductile fracture in the context
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of continuum damage mechanics, see Lemaitre [44, 45], Lemaitre and Chaboche [46],
Steinmann et al. [72], de Borst et al. [19], Besson [10], Enakoutsa et al. [26], Larsson et al.
[41], Seabra et al. [63] and Brünig et al. [14, 13]. To calculate fracture with complex crack
topologies within an efficient computational environment, phase-field methodologies have
been developed and applied to multiphysical environments, see, among many other,
Miehe et al. [51], Hesch et al. [33, 34], Borden et al. [11], Kuhn et al. [40], Verhoosel
and De Borst [78], Paggi and Reinoso [56], Teichtmeister et al. [73], Zhang et al. [81],
Dittmann et al. [24, 25], Heider and Markert [32], Bryant and Sun [15] and Aldakheel
et al. [2] for brittle fracture.
Phase-field methodologies have been successfully extended towards ductile fracture by
coupling the gradient damage mechanism with models of elastoplasticity. The extension
to finite strains is considered in [3, 1, 48, 21, 25, 39] based on a rigorous variational
principle. In Alessi et al. [5] a comparative study between different phase-field models of
fracture coupled with plasticity is outlined. As already stated in the context of damage
for polymers, see Gurson [31], pressure effects should be included in the modeling of
failure in ductile materials to account for complex phenomena at the microscale, such
as nucleation, growth and coalescence of microvoids. This has been observed exper-
imentally in Gurland and Plateau [29]. To this end, Aldakheel et al. [4] extend the
phase-field modeling of fracture towards porous finite plasticity to account for this com-
plex phenomena at the microscale as well as for the final rupture at the macroscale.
Thermomechanical extensions of the Gurson type model with brittle crack propagation
in thermoelastic solids have been shown in Dittmann et al. [25] and Miehe et al. [50].
An extension towards finite strain thermo-porous-plasticity based on the phase-field ap-
proach has been recently developed in Dittmann et al. [22].
The paper is structured as follows: The governing equations for the coupled problem
are outlined in Section 2, whereas algorithmic issues are addressed in Section 3 and 4.
In Section 5, a variety of representative numerical examples is presented including a
verification of the implementation. Finally, conclusions are drawn in Section 6.
2 Governing equations
In this section we give a brief summary of the fundamental equations for the model-
ing of thermomechanical damage in fiber reinforced composites. In order to provide a
clear representation of mathematical operations used therein we define the gradient with
respect to the reference and current configuration ∇(•) and ∇x(•) of a vector field a
as
[∇a]iJ = ∂[a]i
∂[X]J
and [∇xa]ij = ∂[a]i
∂[x]j
(1)
and of a second-order tensor field A as
[∇A]iJK = ∂[A]iJ
∂[X]K
and [∇xA]iJk = ∂[A]iJ
∂[x]k
. (2)
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The divergence operator with respect to the reference configuration ∇ · (•) of a second-
order tensor field A and third-order tensor field A is defined as
[∇ ·A]i = ∂[A]iJ
∂[X]J
and [∇ ·A]iJ = ∂[A]iJK
∂[X]K
, (3)
respectively. Moreover, the double contractions of a second-order and third-order tensor,
i.e. a = A : A and b = A : A, are defined as [a]k = [A]ij : [A]ijk and [b]i = [A]ijk : [A]jk,
respectively.
2.1 Primary fields and state variables
We consider a fiber reinforced composite as a three-dimensional continuum body which
occupies the domain B0 ⊂ R3 referred to as reference configuration. Assuming that
the deformation of the fibers coincides with deformation of the matrix material, we
introduce
ϕ(X, t) : B0 × T → R3 with x = ϕ(X, t) (4)
as a common field mapping at time t ∈ T = [0, T ] pointsX ∈ B0 onto points x ∈ B of the
current configuration. The material deformation gradient is defined by F = ∇ϕ(X, t)
with its determinant J = det(F ) > 0. Moreover, the absolute temperature
θ(X, t) : B0 × T → R (5)
is introduced as a further common field representing the thermal state of the matrix as
well as the fiber material.
Regarding the different damage behavior, the above common variables are supplemented
by variables describing porous plasticity and ductile fracture of the matrix material and
brittle fracture of the fiber material. For the matrix material we introduce the equivalent
plastic strain and its dual, the dissipative resistance force
α(X, t) : B0 × T → R and rp(X, t) : B0 × T (6)
along with the plastic deformation map
F p(X, t) : B0 × T → R3×3 with Jp = det(F p) ≥ 1. (7)
and the void volume fraction
f(X, t) : B0 × T → R with f = volume of voidstotal matrix volume ≥ f0, (8)
where f0 denotes the initial porosity. In addition, the crack phase-field is described by
an order parameter
s(X, t) : B0 × T → R with s ∈ [0, 1] and s˙ ≥ 0, (9)
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where the value s = 0 refers to the undamaged and s = 1 to the fully ruptured state of
the matrix material.
Assuming that the fiber reinforcement exhibits a woven structure, we introduce a dual
crack phase-field for the fiber material. To be specific, the order parameters
sL(X, t) : B0 × T → R with sL ∈ [0, 1] and s˙L ≥ 0 (10)
and
sM(X, t) : B0 × T → R with sM ∈ [0, 1] and ˙sM ≥ 0 (11)
describe the crack phase-field of the fiber aligned in L-direction and M -direction, re-
spectively, where L and M are constant, orthogonal unit vector fields in the reference
configuration.
The above introduced variables characterize a multifield setting for the formulation of
temperature-dependent micro- and macromechanical damage in fiber reinforced com-
posites based on seven independent fields
U = [ϕ, θ, α, rp, s, sL, sM], (12)
the finite deformation map ϕ, the absolute temperature field θ, the equivalent plastic
strain field α, the dissipative plastic resistance force rp, the crack phase-field s of the
matrix material and the dual crack phase-field [sL, sM] of the fiber material. Moreover,
the Lagrangian plastic deformation map F p and the void volume fraction f will be
condensed within the balance equations.
2.2 Kinematics and deformation measures
In a first step we derive the required deformation measures related to the matrix and
fiber material. To this end, we apply a multiplicative split of the deformation gradient
and its determinant as usual in non-linear elastoplasticity and obtain the elastic parts
as
F e = F (F p)−1 and Je = J(Jp)−1 (13)
which can also be defined in terms of the elastic parts of the principal stretches λea with
a = {1, 2, 3} and the principal directions of the left and right stretch tensors na and N a
as
F e =
∑
a
λeana ⊗N a and Je =
∏
a
λea. (14)
Since the elastoplastic response of the matrix material relies on different mechanisms for
the deviatoric and volumetric contributions, it is convenient to introduce the isochoric
elastic parts of the principal stretches
λ¯ea = (Je)−1/3λea =
∏
b
(λeb)−1/3λea. (15)
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Following the ansatz proposed in Hesch & Weinberg [35], fracture insensitive parts of
the elastic principal stretches are given as
λ˜ea = (λea)g(s) and
˜¯λea = (λ¯ea)g(s), (16)
where g = ag((1 − s)3 − (1 − s)2) − 2(1 − s)3 + 3(1 − s)2 is an adjustable degradation
function via the modeling parameter ag. Assuming that fracture requires a local state
of tensile/shear deformation as considered, e.g. in Amor et al. [6] and Dittmann et
al. [23, 22], we define the elastic fracture insensitive part of the isochoric deformation
gradient and the Jacobian determinant as
˜¯F e =
∑
a
˜¯λeana ⊗N a and J˜e =

∏
a
λ˜ea if
∏
a
λea > 1∏
a
λea else
. (17)
Concerning the fiber material, we introduce
λL = ‖l‖ = ‖FL‖ and λM = ‖m‖ = ‖FM‖ (18)
as stretch of the respective fiber and
ϕ = acos(˜l · m˜)− pi2
= acos
(
(FL) · (FM)
‖FL‖‖FM‖
)
− pi2
(19)
as change of the angle between both fibers. Here l = λLl˜ and m = λMm˜ are deformed
fiber configurations decomposed into fiber stretches and normalized fiber directions. To
describe fiber bending, the gradients of the deformed fiber vectors, i.e. ∇l = ∇FL and
∇m = ∇FM , have to be taken into account. In particular, we consider
∇lL = λL∇l˜L+ (∇λL ·L)˜l and ∇mM = λM∇m˜M + (∇λM ·M)m˜ (20)
which are projections of the fiber configuration gradients onto the initial fiber direction,
cf. Asmanoglo and Menzel [7]. These expressions include terms related to stretch gra-
dients of the fibers as well as fiber curvatures. We introduce the curvature measure for
the fiber initially aligned in L-direction as
κL =
1
λL
∇l˜L
= 1
λ2L
(∇l− l˜⊗∇λL)L
= 1‖FL‖2
(
∇FL− FL‖FL‖ ⊗
(
FL
‖FL‖ ⊗L
)
: ∇F
)
L
(21)
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and for the fiber initially aligned in M -direction as
κM =
1
λM
∇m˜M
= 1
λ2M
(∇m− m˜⊗∇λM)M
= 1‖FM‖2
(
∇FM − FM‖FM‖ ⊗
(
FM
‖FM‖ ⊗M
)
: ∇F
)
M .
(22)
Assuming that the fiber material is brittle compared to the matrix material and that
fiber rupture requires a local tensile state, we formulate fracture insensitive parts of the
stretches as
λ˜L =
(λL)gL(sL) if λL > 1λL else and λ˜M =
(λM)gM(sM) if λM > 1λM else , (23)
where gL = agL((1− sL)3− (1− sL)2)− 2(1− sL)3 + 3(1− sL)2 and gM = agM((1− sM)3−
(1−sM)2)−2(1−sM)3 +3(1−sM)2 are degradation functions with modeling parameters
agL and agM , cf. (16). Next, we formulate a corresponding measure related to the shear
deformation of the fiber material as
φ˜ = gL(sL)gM(sM) tan(ϕ). (24)
Note that this deformation measure is completely degraded in case of single fiber rupture
even if the remaining fiber is undamaged. Eventually, fracture insensitive measures of
the fiber curvatures read
κ˜L = gL(sL)κL and κ˜M = gM(sM)κM. (25)
2.3 Variational formulation
Next, we propose the constitutive framework for thermomechanical damage in fiber
reinforced composites. To be specific, we introduce constitutive energetic and dissipative
response functions based on the above definitions and derive the required relations and
evolution laws to formulate the multifield variational problem.
2.3.1 Energetic response
The stored thermoelastic energy density of the composite material is defined by the
functional
Ψ = ζΨe,θmat( ˜¯F e, J˜e, θ) +
1− ζ
2 Ψ
e,θ
fib (λ˜L, λ˜M, φ˜, κ˜L, κ˜M, θ)
= ζ
(
Ψemat( ˜¯F e, J˜e, θ) + Ψθmat(θ)
)
+ 1− ζ2
(
Ψefib(λ˜L, λ˜M, φ˜, κ˜L, κ˜M, θ) + Ψθfib(θ)
)
,
(26)
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where ζ ∈ [0, 1] is the volume fraction of the matrix material. The elastic contribution
to the stored energy function of the matrix material is decomposed into volumetric and
deviatoric parts
Ψemat = Ψ
e,iso
mat
( ˜¯F e(λe1, λe2, λe3, s), θ)+ Ψe,volmat (J˜e(λe1, λe2, λe3, s), θ) . (27)
As a representative non-linear constitutive law, a modified Ogden material model with
the associated strain energy density function
Ψe,isomat =
∑
a
∑
b
µb
αb
(
(˜¯λea)αb − 1
)
(28)
and
Ψe,volmat =
κ
β2
(
β ln(J˜e) + (J˜e)−β − 1
)
− 3κ
γ
(θ − θ0)
(
(J˜e)γ − 1
)
(29)
is used for the numerical examples. The parameters µb and αb with b = {1, . . . , N}
are related to the shear modulus and the parameters κ and β are related to the bulk
modulus. Moreover, θ0 is a reference temperature and the parameters  and γ are related
to the thermal expansion coefficient. Assuming that the fiber portion in both directions
is identical, the corresponding elastic contribution of the fiber material is defined by
Ψefib =
1
2a
(
(λ˜L − 1)2 + (λ˜M − 1)2
)
+ b φ˜2
+ 12 (κ˜L · c κ˜L + κ˜M · c κ˜M) + aυ(θ − θ0)
(
(λ˜L − 1) + (λ˜M − 1)
) (30)
where a and b are stiffness parameters related to stretch and shear of the fiber material
and υ denotes the thermal expansion coefficient. Moreover, the stiffness tensor related
to fiber curvature is given as
c = c#(˜l⊗ l˜ + m˜⊗ m˜) + c⊥n˜⊗ n˜ with n˜ = l˜× m˜ (31)
taking into account a geometric dependency via the stiffness parameters c# and c⊥, see
Section 5.1.1 for details. Next, the purely thermal contributions to the stored energy of
the matrix and the fiber material are defined by
Ψθmat = cmat
(
θ − θ0 − θ ln
(
θ
θ0
))
(32)
and
Ψθfib = 2cfib
(
θ − θ0 − θ ln
(
θ
θ0
))
, (33)
respectively. Therein, cmat and cfib are constant parameters representing specific heat
capacities of the respective material.
The evolution of the stored thermoelastic energy is given by
d
dtΨ = ζ
(∑
a
∂Ψemat
∂λea
λ˙ea +
∂Ψemat
∂s
s˙ + ∂(Ψ
e
mat + Ψθmat)
∂θ
θ˙
)
+ 1− ζ2
(
∂Ψefib
∂F
F˙ + ∂Ψ
e
fib
∂∇F ∇F˙ +
∂Ψefib
∂sL
s˙L +
∂Ψefib
∂sM
s˙M +
∂(Ψefib + Ψθfib)
∂θ
θ˙
)
.
(34)
8
Regarding the partial derivatives therein, we introduce first relations related to the
Kirchhoff stress τ = τmat + τ fib as
τmat = τ devmat + τ volmat
=
∑
a
(
τdevmat,a + τvolmat,a
)
na ⊗ na
= ζ
∑
a
λea
(
∂Ψe,isomat
∂λea
+ ∂Ψ
e,vol
mat
∂λea
)
na ⊗ na
(35)
and
τ fib =
1− ζ
2
(
∂Ψefib
∂λ˜L
∂λ˜L
∂F
+ ∂Ψ
e
fib
∂λ˜M
∂λ˜M
∂F
+ ∂Ψ
e
fib
∂φ˜
∂φ˜
∂F
+ ∂Ψ
e
fib
∂κ˜L
∂κ˜L
∂F
+ ∂Ψ
e
fib
∂κ˜M
∂κ˜M
∂F
)
F T,
(36)
the higher-order stress of the fiber material as
Pfib =
1− ζ
2
(
∂Ψefib
∂κ˜L
∂κ˜L
∂∇F +
∂Ψefib
∂κ˜M
∂κ˜M
∂∇F
)
, (37)
the driving force of the respective crack phase-field as
H = −ζ ∂Ψ
e
mat
∂s
, HL = −1− ζ2
∂Ψefib
∂sL
, HM = −1− ζ2
∂Ψefib
∂sM
(38)
and the specific entropy as
η = ηmat + ηfib
= −ζ ∂(Ψ
e
mat + Ψθmat)
∂θ
− 1− ζ2
∂(Ψefib + Ψθfib)
∂θ
.
(39)
Moreover, we introduce a dissipation function
Dint = νpmatτmat : dp + νfmatHs˙ + νffib(HLs˙L +HMs˙M), (40)
to account for a transfer of dissipated energy due to plastification and fracture into
the thermal field, where dp denotes the Eulerian plastic rate of deformation tensor.
The above relations are derived in a thermodynamically consistent manner by assuming
that the dissipated energy is completely transfered into the thermal field, i.e. by setting
νpmat = νfmat = νffib = 1. Note, however, that the plastic dissipation factor νpmat is
typically chosen in the range of 85% to 95% in the context of thermoplasticity, see e.g.
[65, 80, 43]. In addition, based on experimental observations it is reasonable to set
fracture dissipation factors to νfmat < 1 and νffib < 1, see the discussion related to an
energy transfer into the thermal field in [25, 61] and the references therein.
To model the plastic and fracture mechanical response, we introduce an auxiliary func-
tional as
Ψ̂ = ζ
(
Ψ̂pmat(α,∇α, θ) + Ψ̂fmat(s,∇s, α)
)
+ 1− ζ2 Ψ̂
f
fib(sL,∇sL, sM,∇sM). (41)
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The plastic contribution Ψ̂pmat describes the response of isotropic strain-gradient hard-
ening related to the matrix material. To be specific, we focus on the equivalent plastic
strain α and its gradient ∇α with the particular form
Ψ̂pmat(α,∇α, θ) =
α∫
0
y(α¯, θ) dα¯ + y0(θ)
l2p
2 ‖∇α‖
2. (42)
Here, lp is a plastic length scale related to a strain-gradient hardening effect and accounts
for size effects to overcome the nonphysical mesh sensitivity of the localized plastic
deformation in softening materials, as outlined in [1]. Moreover, y(α, θ) is an isotropic
local hardening function taken from [16, 64] and adapted to thermoplasticity following
[65, 57, 18]. In particular, we use the saturation-type function
y(α, θ) = y0(θ) + y1(θ)exp[ωp1α] + y2(θ)(1− exp[−ωp2α]), (43)
with the three temperature-dependent material parameters y0 > 0, y1 ≥ 0 and y2 ≥ 0
defined as
y0(θ) = y0(θref)(1− ωt0(θ − θref)),
y1(θ) = y1(θref)(1− ωt1(θ − θref)),
y2(θ) = y2(θref)(1− ωt2(θ − θref)).
(44)
Note that this formulation is typically applied for polyamide which is often used as matrix
material of composite structures. Therein, the initial yield stress y0 + y1 determines the
threshold of the effective elastic response, y2(θ)(1 − exp[−ωp2α]) describes an initial
hardening stage and y1(θ)exp[ωp1α] allows for the simulation of large stretches of fibrils
which leads to an abrupt increase of stress. This phenomenon is often called rheo-
hardening. Moreover, ωp1 and ωp2 are saturation parameters and ωt0, ωt1 and ωt2 are
thermal hardening/softening parameters. Note that since we are only interested in the
mean mechanical effects of the semi-crystalline matrix material, we consider a unified
elastoplastic model with averaged material parameters taken from the multimechanism
model in [16, 64]. Next, we formulate fracture contributions for the matrix as well as
the fiber material. Therefore, we approximate a sharp crack surface Γ• by a regularized
functional†
Γ̂•(s•,∇s•) =
∫
B0
γ̂•(s•,∇s•) dV with γ̂•(s•,∇s•) = 12lf•
(s2• + l2f•‖∇s•‖2), (45)
based on a specific crack regularization profile γ̂• defined per unit volume of the ref-
erence configuration and the fracture length scale lf• which controls the regularization.
Concerning ductile fracture of the matrix material, we require that lp ≥ lf such that the
regularized crack zone lies inside of the plastic zone. Using the regularization given in
(45), the approximated fracture energy of the composite material reads
W f ≈
∫
B0
ζgc(α)γ̂(s,∇s) + 1− ζ2 (gcL γ̂L(sL,∇sL) + gcM γ̂M(sM,∇sM)) dV. (46)
†The • indicates the matrix material or the respective fiber direction.
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Here, gc• denotes the Griffith-type critical energy density required to create fracture
within the respective material. For the matrix material, the critical energy density is
decomposed additively into elastic and plastic contributions as
gc(α) = gc,p + gc,e exp(−ωfα), (47)
where ωf is a modeling parameter. Summarized, the phase-field fracture contributions
are given in terms of crack density functions as
Ψ̂fmat = gc(α)γ̂(s,∇s)
= gc(α)2lf
(s2 + l2f ‖∇s‖2)
(48)
and
Ψ̂ffib = gcL γ̂L(sL,∇sL) + gcM γ̂M(sM,∇sM)
= gcL2lfL
(s2L + l2fL‖∇sL‖2) +
gcM
2lfM
(s2M + l2fM‖∇sM‖2).
(49)
Eventually, we obtain dissipative resistance forces of the plastic field and the respective
crack phase-field via the variational derivatives of Ψ̂ with respect to α and s• as
rp = ζδαΨ̂pmat = ζ(∂αΨ̂pmat −∇ · (∂∇αΨ̂pmat)) (50)
and
rf• = δs•Ψ̂ = ∂s•Ψ̂−∇ · (∂∇s•Ψ̂). (51)
2.3.2 Dissipative response
Regarding the porous elastoplastic material behavior, we consider a GTN type function
[31, 76, 55] which implicitly defines the effective scalar stress σ¯ := σ¯(σmat, f) in terms
of the Cauchy stress tensor σmat = τmat/J and the void volume fraction f
ΥG(σ¯,σmat, f) =
σ2eq
σ¯2
+ 2q1fcosh
[3
2q2
p
σ¯
]
−
(
1 + (q1f)2
)
= 0. (52)
Here, σeq =
√
3/2 ‖τ devmat/J‖ denotes the von Mises equivalent stress, p = 13tr[τmat/J ]
the pressure and q1/2 are fitting parameters. Note that for q1 = 0 the influence of the
pressure and the void volume fraction vanishes, i.e. σ¯ = σeq. With the effective stress σ¯
and the dissipative resistance force rp we define the plastic yield function as
Φp (σ¯(σmat, f), rp) = σ¯ − rp. (53)
Focusing on void growth and thereby neglecting other influences such as void nucleation
or void softening due to shear, the evolution form of the void growth reads f˙ = (1 −
f)tr[dp]. Following [49], the current void volume fraction is given in terms of the plastic
deformation as
f = 1− 1− f0
Jp
. (54)
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A plastic Lagrange multiplier λp is introduced to enforce the Karush-Kuhn-Tucker con-
ditions
λp ≥ 0, Φp ≤ 0, λpΦp = 0. (55)
For the incorporation of the fracture mechanical behavior, we define crack threshold
functions as
Φf•(H• − rf•) = H• − rf• (56)
where the energetic driving forces H• are bounded by crack resistance forces rf• dual to
the crack phase-field variables s•. Similar to plasticity, we introduce fracture Lagrange
multipliers λf• to enforce the Karush-Kuhn-Tucker conditions of the respective crack
phase-field
λf• ≥ 0, Φf• ≤ 0, λf•Φf• = 0. (57)
Based on the concept of maximum dissipation and the set C = [σmat, rp,H − rf ,HL −
rfL,HM − rfM, λp, λf , λfL, λfM], we define an extended dissipation potential and obtain a
constrained optimization problem as
V = sup︸︷︷︸
C
[
σmat : dp − (1− f)rpα˙ + (H− rf)s˙ + (HL − rfL)s˙L + (HM − rfM)s˙M
− λpΦp(σmat, rp)− λfΦf(H− rf)− λfLΦfL(HL − rfL)− λfMΦfM(HM − rfM)
]
(58)
where the Lagrange multipliers λp and λf• control the non-smooth evolution of plasticity
and fracture, respectively. Then, the associated plastic evolution equations follows as
dp = λp ∂Φ
p
∂σmat
and α˙ = − λ
p
1− f
∂Φp
∂rp
(59)
and the evolution equation of the respective crack phase-field as
s˙• = λf•
∂Φf•
∂(H• − rf•)
. (60)
A penalty regularization of the Lagrange multipliers can be utilized as follows‡
λp = 1
ηp
〈Φp〉np ≥ 0, λf = 1
ηf
〈Φf〉 ≥ 0, λfL =
1
ηfL
〈ΦfL〉 ≥ 0 and λfM =
1
ηfM
〈ΦfM〉 ≥ 0,
(61)
where ηp, np and ηf• are material parameters which characterize the viscosity of plastifi-
cation and crack propagation. Note that in the sense of continuum setting as defined in
(26) and (41), the rates obtained in (59) and (60) are weighted by the respective volume
fraction ζ and (1− ζ)/2, respectively.
‡The Macaulay brackets are defined by 〈x〉 = (x+ |x|)/2.
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2.3.3 Heat conduction
Regarding the heat transfer within the composite material, we introduce a relation for
the Piola-Kirchhoff heat flux vector as
Q(F , θ, s) = −K(F , s)∇θ (62)
which is known as Duhamel’s law of heat conduction. The thermal conductivity tensor
is defined as
K = (K(1− s) +Kconvs)F−1F−T. (63)
In case of fracture, the conduction degenerates locally such that we achieve a pure
convection problem and the heat transfer depends mainly on the crack opening width
of the matrix material. Here, we formulate the conductivity tensor K in terms of the
phase-field parameter s. Moreover, K = ζKmat + (1 − ζ)Kfib is a average conductivity
parameter related to the composite material and Kconv is a convection parameter.
2.3.4 Localization
To identify and collect the internal contributions to the boundaries of the mechanical
field, i.e. the resulting bending moments and normal stress contributions, we derive the
internal virtual work as
δW e,int =
∫
B0
δΨemat + δΨefib dV =
∫
B0
τ : ∇xδϕ+P : · ∇∇δϕ dV. (64)
The usage of the transformation
τ : ∇xδϕ = τF−T : ∇δϕ (65)
along with integration by parts yields
δW e,int =
∫
B0
−∇· (τF−T) · δϕ+∇· (τF−Tδϕ)−∇·P : ∇δϕ+∇· (P : ∇δϕ) dV (66)
and a second integration by parts related to the third term yields
δW e,int =
∫
B0
∇· (∇·P−τF−T) ·δϕ+∇· ((τF−T−∇·P)δϕ)+∇· (P : ∇δϕ) dV. (67)
In a last step, we apply the divergence theorem for the second and third term such that
we obtain
δW e,int =
∫
B0
∇·(∇·P−τF−T)·δϕ dV +
∫
∂B0
(τF−T−∇·P)δϕ·N+P : ∇δϕ·N dA. (68)
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Note that also contributions in tangential direction at the boundaries can be considered
such that further integrations by parts incorporates the boundaries ∂2B0 and ∂3B0 which
represent curves and points, see e.g. Schulte et al. [60] and Javili et al. [38]. Assuming
that the principle of virtual work δW e,int − δW e,ext = 0 is valid with respect to the
corresponding functional spaces of admissible solution and test functions, the external
contribution can be formulated as
δW e,ext =
∫
B0
B · δϕ+
∫
ΓT0
T¯ · δϕ dA+
∫
ΓM0
M¯ : ∇δϕ dA, (69)
where B is a given body force per unit volume of the reference configuration. Moreover,
T¯ and M¯ are a surface traction and a surface torque acting at the mechanical Neumann
boundaries ΓT0 and ΓM0 . Eventually, we obtain the local form of the mechanical problem
as
∇ · (τF−T −∇ ·P) +B = 0 (70)
supplemented by boundary conditions
ϕ = ϕ¯ on Γϕ0
∇ϕN = ∇ϕ¯N on Γ∇ϕ0
(τF−T −∇ ·P)N = T¯ on ΓT0
PN = M¯ on ΓM0
(71)
with prescribed fields ϕ¯ and ∇ϕ¯N at the mechanical Dirichlet boundaries Γϕ0 and Γ∇ϕ0 .
As usual for fourth-order boundary value problems, the entire boundary is decomposed
twice, i.e. Γ0 = Γϕ0 ∪ ΓT0 with Γϕ0 ∩ ΓT0 = ∅ and Γ0 = Γ∇ϕ0 ∪ ΓM0 with Γ∇ϕ0 ∩ ΓM0 = ∅. For
details related to the enforcement of the gradient condition given in (71)2 see e.g. Schuß
et al. [62].
2.3.5 Coupled problem
Based on the derivations concerning the mechanical field within the previous section,
the set of admissible test functions related to U is given as
δU = [δϕ, δθ, δα, δrp, δs, δsL, δsM], (72)
i.e. variations of the deformation, the absolute temperature, the equivalent plastic strain,
the dual plastic resistance force, the crack phase-field of the matrix material and the
variables of the dual crack phase-field of the fiber material, where their spaces are defined
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as
Vϕ = {δϕ ∈ H2(B0) | δϕ = 0 onΓϕ0 , ∇δϕN = 0 onΓ∇ϕ0 },
Vθ = {δθ ∈ H1(B0) | δθ = 0 onΓθ0},
Vα = {δα ∈ H1(B0) | δα = 0 onΓα0},
Vrp = {δrp ∈ L2(B0)},
Vs = {δs ∈ H1(B0) | δs = 0 on Γ¯},
VsL = {δsL ∈ H1(B0) | δsL = 0 on Γ¯L},
VsM = {δsM ∈ H1(B0) | δsM = 0 on Γ¯M}
(73)
included within the Sobolev functional space of square integrable functions and deriva-
tives Hk with k ≥ 0. Then, the weak form of the coupled multifield problem reads∫
B0
∇xδϕ : τ +∇∇δϕ : ·Pfib − δϕ ·B dV −
∫
ΓT0
δϕ · T¯ dA−
∫
ΓM0
∇δϕ : M¯ dA = 0,
∫
B0
δθ(θη˙ −Dint −R)−∇δθ ·Q dV −
∫
ΓQ0
δθQ¯ dA = 0,
∫
B0
(
δα(ζy − rp) + ζy0l2p∇δα · ∇α
)
dV = 0,
∫
B0
δrp
(
ηpα˙− χp(Φ
p)np
1− f
)
dV = 0,
∫
B0
δsηf s˙− δsχf
(
H− ζgc
lf
s
)
+ χfζgc∇δs · ∇s dV = 0,
∫
B0
δsLηfL s˙L − δsLχfL
(
HL − (1− ζ)gcL2lfL
sL
)
+ χfL
1− ζ
2 gcL∇δsL · ∇sL dV = 0,∫
B0
δsMηfM s˙M − δsMχfM
(
HM − (1− ζ)gcM2lfM
sM
)
+ χfM
1− ζ
2 gcM∇δsM · ∇sM dV = 0,
(74)
where R is a given heat supply per unit volume of the reference configuration and Q¯ is
a heat supply across the thermal Neumann boundary ΓQ0 . For each other field, homo-
geneous Neumann boundary conditions are applied and appropriate thermal Dirichlet
boundary conditions are formulated in terms of prescribed temperature θ¯, see Table
1. Note that we neglect inertia terms within the mechanical balance equation, i.e.
we consider only quasi static problems. Additionally, internal conditions for the crack
phase-field equations are given by
s• = 1 on Γ¯• ⊂ Γ̂•, (75)
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ensuring that a fully broken state remains broken. The Karush-Kuhn Tucker conditions
in (55) and (57), are evaluated by inserting local variables defined as
χp =:
 1 for Φ
p > 0
0 otherwise
and χf• =:
 1 for Φ
f
• > 0
0 otherwise
. (76)
Using local variables χf• in (74), we demand s˙• ≥ 0 for thermodynamical consistency,
avoiding a transfer of dissipated energy back into the mechanical field. This prevents
healing effects, which may be taken into account as well. We can also set χf• ≡ 1 and
restrict only the fully broken state, i.e. we allow for healing until the respective crack
phase-field reaches the value one.
3 Isogeometric discretization
Concerning the spatial discretization, the domain B0 is subdivided into a finite set of
non-overlapping elements e ∈ N such that
B0 ≈ Bh0 =
⋃
e∈N
Be. (91)
Due to the incorporation of curvature contributions into the fiber material, the mechan-
ical part of the variational problem requires approximation functions which are globally
at least C1-continuous to satisfy ϕh, δϕh ∈ H2(Bh0). To meet this continuity require-
ment an isogeometric analysis approach which employs Non-Uniform Rational B-splines
(NURBS) of order pα ≥ 2 can be applied. Accordingly, rational approximations of the
deformed geometry ϕ and its variation δϕ are defined as
ϕh =
∑
A∈I
RAqA and δϕh =
∑
A∈I
RAδqA, (92)
respectively, where qA ∈ R3 and δqA ∈ R3. Moreover, the approximations of the crack
phase-fields s• and the temperature field θ as well as their variations δs• and δθ read
sh• =
∑
A∈I
RAs•,A and δsh• =
∑
A∈I
RAδs•,A (93)
and
θh =
∑
A∈I
RAθA and δθh =
∑
A∈I
RAδθA, (94)
where s•,A, δs•,A, θA, δθA ∈ R. Introducing global shape functions RA : Bh0 → R associ-
ated with control points A ∈ I = {1, . . . , N}, NURBS based shape functions read
RA := Ri(ξ) =
3∏
α=1
Biα(ξα)wi
∑
j
3∏
α=1
Bjα(ξα)wj
, (95)
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1) Stress equilibrium
∇ · (τF−T −∇ ·P) +B = 0 (77)
2) Kirchhoff stress
τ = τmat + τfib, τmat = ζ
∑
a
λea
∂Ψemat
∂λea
na ⊗ na, τfib = 1− ζ2
∂Ψefib
∂F
FT (78)
3) Higher-order stress
P = 1− ζ2
∂Ψefib
∂∇F (79)
4) Energy balance
θη˙ +∇ ·Q−Dint −R = 0 (80)
5) Entropy
η = ηmat + ηfib, ηmat = −ζ
∂
(
Ψemat + Ψθmat
)
∂θ
, ηfib = −1− ζ2
∂
(
Ψefib + Ψθfib
)
∂θ
6) Dissipation
Dint = νpmatτmat : dp + νfmatHs˙ + νffib(HLs˙L +HMs˙M) (81)
7) Piola-Kirchhoff heat flux
Q = −K∇θ, K = (K(1− s) +Kconvs)F−1F−T (82)
8) Plastic strain
dp − λp ∂Φ
p
∂σmat
= 0, λp = 1
ηp
〈Φp〉np , σmat = τmat/J (83)
9) Equivalent plastic strain
−α˙− λ
p
1− f
∂Φp
∂rp
= 0 (84)
10) Plastic resistance force
rp = ζδαΨ̂pmat (85)
11) Crack phase-field equations
s˙• − λf•
∂Φf•
∂(H• − rf•)
= 0, λf• =
1
ηf•
〈Φf•〉 (86)
12) Crack phase-field driving forces
H• = −∂Ψ
e
∂s•
(87)
13) Fracture resistance forces
rf• = δs•Ψ̂ (88)
14) Dirichlet and Neumann conditions
ϕ = ϕ¯(X, t) on Γϕ0 , (τF−T −∇ ·P)N = T¯ (X, t) on ΓT0
∇ϕ = ∇ϕ¯(X, t) on Γ∇ϕ0 , PN = M¯(X, t) on ΓM0
θ = θ¯(X, t) on Γθ0, −Q ·N = Q¯ on ΓQ0
α = 0 on Γα0 , ∇α ·N = 0 on Γ∇α0
s• = 1 on Γ¯•, ∇s• ·N = 0 on Γ0
(89)
15) Initial conditions
ϕ(X, 0) = ϕ0, ϕ˙(X, 0) = v0, θ(X, 0) = θ0, α(X, 0) = 0, rp(X, 0) = 0, s•(X, 0) = 0 (90)
Table 1: Strong formulation of the coupled problem
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where Biα are univariate non-rational B-splines defined on a parametric domain which
is subdivided by the knot vector [ξα1 , ξα2 , . . . , ξαNα+pα+1], N = N1N2N3. The recursive
definition of a single univariate B-spline is given as follows
Biαpα(ξ
α) = ξ
α − ξαiα
ξαiα+pα − ξαiα
Biαpα−1(ξ
α) +
ξαiα+pα+1 − ξα
ξαiα+pα+1 − ξαiα+1
Biα+1pα−1(ξ
α), (96)
beginning with
Biα0 (ξα) =
 1 if ξiα ≤ ξ
α < ξαiα+1
0 otherwise
. (97)
Moreover, wj are corresponding NURBS weights. For further details on the construction
of NURBS based shape functions as well as the construction of local refinements related
to the IGA concept, see e.g. Cottrell et al. [17], Bornemann and Cirak [12], Hesch et al.
[34] and Dittmann [21].
Next, the hardening variable α and its variation δα are approximated as
αh =
∑
i∈J
N iαi, δα
h =
∑
i∈J
N iδαi (98)
and the dual driving force rp to the hardening variable and its variation δrp are approx-
imated as
rp,h =
∑
i∈J
N irpi , δr
p,h =
∑
i∈J
N iδrpi , (99)
where we make use of linear shape functions N i defined on the physical mesh represen-
tation of the NURBS geometry with nodes i ∈ J = {1, . . . , n} and the corresponding
number of nodes n.
Remark: The more natural choice using the same NURBS shape functions for the ap-
proximation of the hardening variable α and the dual driving force rp leads to oscilla-
tions within both fields, indicating stability issues. The above described scheme using
quadratic shape function RA and linear shape functions N i has shown to be stable and
numerically robust within our numerical examples, cf. Dittmann et al. [23].
Inserting (92)-(94) along with (98) and (99) into (74) yields the semi-discrete set of
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coupled equations
δqA·
∫
B0
τ h∇xRA + Ph : ∇∇RA dV − F ext,A
 = 0,
δθA
∫
B0
(
η˙hRARBθB −RADhint −∇RAQh
)
dV −Qext,A
 = 0,
δαi
∫
B0
N i(ζyh −N jrpj ) dV +Kijα αj
 = 0,
δrpi
M ijrpα˙j − ∫
B0
χpN
i (Φp,h)np
Jh(1− fh) dV
 = 0,
δs•,A
MABs• s˙•,B − ∫
B0
RAHh• dV +KABs• s•,B
 = 0.
(100)
Therein, τ h, Ph, ηh and Hh• are semi-discrete versions of the Kirchhoff stress tensor, the
higher-order stress tensor, the local entropy and the phase-field driving forces obtained
via the partial derivatives of the semi-discrete stored energy density
Ψh = Ψh( ˜¯F e,h, J˜e,h, θh, λ˜hL, λ˜hM, φ˜h, κ˜hL, κ˜hM), (101)
cf. (26)-(39). Dhint and Qh are semi-discrete definitions of the dissipation density and
heat flux, cf. (40), (62) and (63). Moreover, the semi-discrete external contributions in
(100)1 and (100)2 are formulated as
F ext,A =
∫
B0
RAB dV +
∫
ΓT0
RAT¯ dA+
∫
ΓM0
M¯∇RA dA (102)
and
Qext,A =
∫
B0
RAR dV +
∫
∂Bθn0
RAQ¯ dA. (103)
The coefficients of the matrices in (100)3 and (100)4 take the form
Kijα = ζy0l2p
∫
B0
∇N i · ∇N j dV and M ijrp = ηp
∫
B0
N iN j dV, (104)
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whereas the matrices in (100)5 are given by
MABs• = ηf•
∫
B0
RARB dV,
KABs =
ζ
lf
∫
B0
ghcχf
(
RARB + l2f∇RA · ∇RB
)
dV,
KABsL =
1− ζ
2lfL
∫
B0
ghcLχfL
(
RARB + l2fL∇RA · ∇RB
)
dV,
KABsM =
1− ζ
2lfM
∫
B0
ghcMχfM
(
RARB + l2fM∇RA · ∇RB
)
dV.
(105)
Eventually, the semi-discrete functions ŷh, Φp,h and ghc denote the local hardening, the
plastic yield and the critical fracture energy density, cf. (43), (53) and (47).
4 Temporal discretization
In a final step, the semi-discrete coupled problem (100) has to be discretized in time
to obtain a set of non-linear algebraic equations to be solved via a Newton-Raphson
method. Therefore, we subdivide the considered time interval T into a sequence of
times t0, . . . , tn, tn+1, . . . , T , where (•)n and (•)n+1 denote the value of a given physical
quantity at time tn and tn+1, respectively. Assume that the discrete set of state variables
at tn given by {qA,n, θA,n, αi,n, rpi,n, sA,n, sL,A,n, sM,A,n} and the local plastic deformation
variable F p,hn at time tn are known and the time step size ∆t = tn+1 − tn is given.
Then, the goal is to determine the corresponding fields at time tn+1 via the algorithmic
approximation to the weak formulation (100) defined as
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δqA·
∫
B0
τ hn+1(∇xRA)n+1 + Phn+1∇∇RA dV − F ext,An+1
 = 0,
δθA
∫
B0
(
ηhn+1 − ηhn
∆t R
ARBθB,n+1 −RADhint,n+1 −∇RAQhn+1
)
dV −Qext,An+1
 = 0,
δαi
∫
B0
N i(ζyhn+1 −N jrpj,n+1) dV +Kijα αj,n+1
 = 0,
δrpi
M ijrpαj,n+1 − αj,n∆t −
∫
B0
χp,n+1N
i (Φ
p,h
n+1)np
Jhn+1(1− fhn+1)
dV
 = 0,
δs•,A
MABs• s•,B,n+1 − s•,B,n∆t −
∫
B0
RAHh•,n+1 dV +KABs•,n+1s•,B,n+1
 = 0.
(106)
Therein, a full-discrete definition of the internal dissipation is given by
Dhint,n+1 = νpmatτ hmat,n+1 : dp,hn+1 + νfmatHn+1
shn+1 − shn
∆t
+ νffib
(
HL,n+1
shL,n+1 − shL,n
∆t +HM,n+1
shM,n+1 − shM,n
∆t
)
,
(107)
Using small values for the plastic viscosity parameter ηp, we obtain
τ hn+1 : d
p,h
n+1 ≈ Jhn+1(1− fhn+1) rp,hn+1
αhn+1 − αhn
∆t (108)
such that the internal dissipation can be recast as
Dhint,n+1 := νpmatJhn+1(1− fhn+1) rp,hn+1Na
αa,n+1 − αa,n
∆t + νfmatH
h
n+1R
A sA,n+1 − sA,n
∆t
+ νffib
(
HhL,n+1RA
sL,A,n+1 − sL,A,n
∆t +H
h
M,n+1R
A sM,A,n+1 − sM,A,n
∆t
)
(109)
for practical reasons.
To solve the above multifield problem, we apply a staggered solution scheme, i.e. the dis-
placement field along with the plastic and hardening fields {qA,n+1, αi,n+1, rpi,n+1,F p,hn+1},
the crack phase-fields s•,A,n+1 and the temperature field θA,n+1 are solved successively.
For the time integration of the plastic evolution equations, the construction of a return
mapping algorithm is most crucial. Therefore, we define a trial state as§
F etr = F n+1(F pn)−1 (110)
§For the sake of readability, we neglect the labeling of the spatial approximation in the following.
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assuming that no further plastic deformation occurs within the time step. Based on this
trial state, we evaluate the yield criteria (53). If Φptr ≤ 0, then the process is purely
elastic and the elastic trial state is the solution. If on the other hand Φptr > 0, then the
trial state is not admissible and a plastic correction is required. Therefore, we apply an
exponential integration scheme regarding (59) which leads to
λea,n+1 = λea,trexp [−∆tλpn+1na,n+1] with na,n+1 =
∂Φpn+1
∂σmat,a,n+1
, (111)
where σmat,a,n+1 = (τdevmat,a,n+1 + τvolmat,a,n+1)/Jn+1. Note that in contrast to standard
von Mises plasticity nn+1 6= ntr and ‖nn+1‖ 6= 1, i.e. the plastic correction has to be
performed by the Lagrange multiplier λpn+1 as well as the components na,n+1 which can
be obtained by solving the non-linear relations
Φ̂pn+1 − ηpλpn+1 = 0 and
∂Φpn+1
∂σmat,a,n+1
− na,n+1 = 0 (112)
via an internal Newton-Raphson iteration. In addition, the void volume fraction fn+1 is
locally calculated by
fn+1 = max
{
f0, 1− (1− f0)/Jpn+1
}
. (113)
For further details on the return map algorithm see Dittmann et al. [22].
5 Numerical examples
In this section we investigate the accuracy and performance of the proposed formulation
for endless fiber reinforced polymers. We start with a verification of the higher-order
contributions of the fiber material by the means of two simple bending tests. Sub-
sequently, a series of tensile tests demonstrates the capability of the proposed hybrid
phase-field model to investigate different failure mechanisms for a prototypical fiber re-
inforced composite depending on the fiber configuration. This study is completed by
thermal investigations on the damage behavior of the model and its impact on final fail-
ure. Without loss of generality we apply a Neo-Hookian model for the matrix material
within all examples, i.e. we set b = 1 and α1 = 2 in (28).
5.1 Bending Test
This first examples is dedicated to the verification of the higher-order, bending contri-
butions of the fiber material. In particular, we investigate the in-plane bending behavior
using a benchmark from Schulte et al. [60], originally used for the verification of gradi-
ent shell formulations, as well as the out-of-plane bending behavior using a four point
bending test. Therefore, we consider a purely elastic behavior of the material, i.e. we
neglect thermoplastic effects and fracture.
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5.1.1 In-plane bending test
Figure 1: In-plane bending test. Problem setting. The lines illustrate the fiber structure.
We consider a rectangular geometry of size L × W × H = 10 mm × 1 mm × 0.5 mm
discretized by 8× 2× 1 quadratic B-spline based elements. The left edge of the plate is
clamped, whereas the right edge is subject to an external in-plane torque µ, see Figure 1.
A similar problem setting is applied to a Kirchhoff-Love shell formulation in [60], where
the external torque is chosen to match an analytical reference solution. Here, we adopt
the deformation result obtained in [60] to verify the parameter setting related to the
bending stiffness. In particular, we assume that the plate consists of a single fiber bundle
with a cross section ofA = HW = 0.5 mm2 and a tensile stiffness of Efib = 79000 N/mm2.
The area moments of inertia of the fiber bundle with respect to the e3-axis and the e2-
axis are given by Ie3 = HW 3/12 = 0.0417 mm4 and Ie2 = WH3/12 = 0.0104 mm4,
respectively. Using these quantities we calibrate the bending stiffness parameters as
c# = EfibIe3/A = 6583.3333 N and c⊥ = EfibIe1/A = 1645.8333 N.
In Figure 2, the strain energy density is depicted for both the Kirchhoff-Love shell
formulation as well as the proposed higher-order continuum formulation. Therein, we
can observe the same homogeneous distributions which verifies the calibration of the
bending stiffness parameter c#. Note that the parameter c⊥ does not contribute to the
simulation result, but will be investigated within the next example.
Figure 2: In-plane bending test. Strain energy distribution of the Kirchhoff-Love shell formulation
(left) and higher-gradient continuum formulation (right).
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5.1.2 Four point bending test
Figure 3: In-plane bending test. Problem setting. The lines illustrate the fiber structure.
Next, the out-of-plane bending behavior of the fiber material is investigated using a
four point bending test. Therefore, we consider again a rectangular geometry of size
L×W ×H = 125 mm× 25 mm× 0.5 mm discretized by 50× 10× 2 quadratic B-spline
based elements. The composite material has a matrix volume ratio of ζ = 0.53 and the
fibers are aligned in the ϑ = 0◦ configuration, see Figure 3 for the details on the fiber
orientation. The four point bending test as shown in Figure 4 leads to a pure out-of-
plane bending deformation of the structure. In particular, we prevent the displacement in
upward direction for the outer support points and prescribe a displacement in downward
direction for the inner contact points. Additionally, the left support point is horizontally
fixed, whereas we allow sliding for the other contact points. The material setting of
the matrix material reads µ = 1630.4 N/mm2 and α1 = 2 for the deviatoric part and
κ = 6250 N/mm2 and β = −2 for the volumetric part, which corresponds to a Young’s
modulus of Emat = 4500 N/mm2 and a Poisson’s ratio of ν = 0.38.
Figure 4: Four point bending test. Boundary conditions of the four point bending test.
Two different settings of the fiber material properties are applied assuming a single layer
of fibers over thickness direction. Firstly, we set the tensile stiffness of the fibers to
a = Efib = 79000 N/mm2 and the bending stiffness to c⊥ = 0 N. Secondly, we set the
tensile stiffness of the fibers to zero and adjust the bending stiffness as c⊥ = EfibH2/12 =
1645.83 N.
The applied bending stiffness of the continuum fiber model correlates to the out-of-
plane bending stiffness for a shell model with the same high. As shown in the previous
example, the proposed strain-gradient continuum formulation match the contributions
of a gradient shell formulation, provided that the stiffness is chosen properly. Thus,
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if we resolve the thickness of sufficiently flat geometry with in the continuum model
to obtain the same deformation as expected for the shell theory, a coincident bending
behavior of the structure should result. Figure 5 shows the load deflection result for the
investigated material settings. As expected, both results match in a good agreement, i.e.
the tension/compression behavior of the continuum fiber model in this bending example
can be described by the bending terms themselves. This is an important and well
known result, as strain-gradient contributions emanate from a length-scale dependent
microstructure and if this microstructure is already resolved by the first order continuum
framework, the second-order contributions have to removed.
Figure 5: Four point bending test. Force-displacement curves for bending tests.
5.2 Tension Test
Figure 6: Tensile Test (unidirectional). Problem setting. The lines illustrate the fiber structure.
In this next example, we conduct a serious of tension tests to investigate the crack behav-
ior of a prototypical roving glass composite material with different fiber configurations.
Therefore, we consider a flat specimen of size L×W ×H = 125 mm × 25 mm × 2 mm.
Figure 6 and 9 show the geometry in the reference configuration along with the applied
boundary conditions and the fiber configurations. The outer areas of length 20 mm are
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Figure 7: Tensile Test (unidirectional). Load deflection results for unidirectional fiber reinforce-
ments with different orientations.
subject to Dirichlet boundary conditions. To be specific, one flap is fixed and the other
flap is moved by a displacement rate of 0.5 mm/s within a quasi-static simulation setting
neglecting inertia effects. The computational mesh consists of 2432 quadratic NURBS
elements. The material setting of the composite is summarized in Table 2. We assume
a quadratic cross section of the fibers with Afib = 0.0025 mm2 and obtain a bending
stiffness of c⊥ = c# = EfibAfib/12 = 16.46 N.
5.2.1 Unidirectional fiber reinforcement
We first analyze the behavior of a unidirectional reinforced composite material, with
fiber orientations of ϑ = [0◦, 10◦, 20◦, 30◦, 40◦, 65◦, 90◦], see Figure 6. The load deflection
results for isothermal simulations at θ = 293 K are shown in Figure 7. Therein, crack
initialization and final rupture of the fiber material are indicated by and ◦, respectively.
In addition, crack initialization and final rupture of the matrix material are indicated
by  and ×, respectively. In Figure 8, the crack phase field results of the fiber material
and the matrix material are depicted along with results of the plastic strain field for
the marked points. Note that black marker indicate states without fiber fracture, as the
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Figure 8: Tensile Test (unidirectional). Results of the fiber crack phase-field (first row), the plastic
strain field (second row) and crack phase-field of the matrix material (third row). The results
are shown for the different deformation states and fiber configurations marked in Figure 7.
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Figure 9: Tensile Test (bidirectional). Problem setting. The lines illustrate the fiber structure.
specimen is already fully broken.
For a fiber orientation of ϑ = 0◦, the fibers account for most of the load transfer due
to the different Young’s modulus and fracture abruptly in the center of the specimen
À. Subsequently, the matrix material undergoes plastification and ductile fracture due
to an abrupt load rearrangement Á. Note that the resulting high strain rates lead to a
pronounced viscoplastic behavior within the matrix material which is controlled by the
viscous regularization parameter.
Concerning the unidirectional 10◦ fiber configuration, the fibers start to crack near the
clamping zones Â which is additionally driven by the bending contribution to the crack
diving force. This process is slowed down due to the hardening behavior of the matrix
material Ã. At the state Ä, the fibers are fully ruptured and the matrix material starts
to fracture in the same region.
For a fiber orientation of ϑ = 20◦, brittle fracture of the fibers starts again near the
clamping zones Å. However, a more pronounced plastification and thus hardening of the
matrix material occur Æ such that the fiber and matrix material undergo final rupture
nearly at the same deformation state Ç.
Applying a fiber orientation of ϑ = 30◦, a direct load transfer between both boundaries
by the fibers is not possible since fibers which are clamped at the lower end do not reach
the upper clamping zone. Hence, the load has to be transferred towards the matrix
material leading to higher plastification È and ductile fracture at the center of the
specimen É. Note that the fibers begin to fracture only in small areas near the clamping
zones È.
For fiber orientations of ϑ = [40◦, 65◦, 90◦], the fiber material does not fracture due
to small loads acting in fiber direction Ê–Í. Instead, the matrix material undergoes
suitable plastification and subsequently ductile fracture leading to failure orthogonal to
the fiber orientations. Concerning the ϑ = 90◦ fiber configuration, the fibers controls the
necking which can be observed by comparing the deformation with the results obtained
for pure matrix material Î. This can also be observed by a slightly higher stiffness within
the load deflection results before crack initiation, whereas the results are nearly identical
up to a displacement of u = 40 mm.
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Figure 10: Tensile Test (bidirectional). Load deflection results for bidirectional, orthotropic fiber
reinforcements with different orientations.
5.2.2 Bidirectional fiber reinforcement
Next, we investigate the same tension test using a bidirectional reinforced material with
fiber orientations of ϑ = [0◦, 10◦, 20◦, 30◦, 45◦] as shown in Figure 9. The load deflection
results for isothermal simulations at θ = 293 K are depicted in Figure 10. Again, crack
initialization and final rupture of the fiber material are indicated by and ◦, respectively.
The final rupture of the matrix material is indicated by ×. Crack phase-field results of
the fiber and matrix material as well as results of the plastic strain are depicted in Figure
11. Note that only phase-field results of the fiber aligned in ϑ-direction is plotted.
For fiber orientations of ϑ = [0◦, 10◦, 20◦], the bidirectional reinforced material shows a
similar behavior compared to the corresponding unidirectional reinforced counterparts.
The additional orthogonal fiber merely accounts for a higher necking resistance À–
Ç. Moreover, the orthogonal fiber configuration restrict a relative movement between
the respective fibers leading to a slightly more stiff material behavior. This has to be
investigated in terms of experimental measurements which is out of the scope of present
work.
Applying fiber orientations of ϑ = [30◦, 45◦], this effect becomes more pronounced as
can be observed in Figure 10. As already discussed, the additional, orthogonal oriented
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Figure 11: Tensile Test (bidirectional). Results of the fiber crack phase-field (first row) as well as
the plastic strain field (second row) and crack phase-field of the matrix material (third row).
The results are shown for the different deformation states and fiber configurations marked
in Figure 10.
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Figure 12: Thermal investigations. Load deflection results for isothermal simulations at different
temperatures of θ = [253, 273, 293] K and a fiber orientation of ϑ = 30◦.
fiber counteract the necking behavior due to the Poisson effect of the matrix material
such that fractures within the matrix material emerges near the clamping zones and not
in the center of the specimen È–Ì.
5.2.3 Thermal investigation
Eventually, we investigate the temperature dependency of the proposed model. There-
fore, we reuse the tension test with a unidirectional fiber reinforcement as shown in
Figure 6 and apply a fiber orientation of ϑ = 30◦.
Figure 12 shows the load deflection result for isothermal simulations using temperatures
of θ = [253, 273, 293] K. The corresponding crack phase-field results of the fiber and
matrix material as well as results of the plastic strain are depicted for the last deformation
step in Figure 13. As already observed previously, for θ = 293 K the matrix material
undergoes large plastic deformations followed by fiber fracture in small areas near the
clamping zones and finally the matrix material undergoes ductile fracture at the center
of the specimen. Lower temperatures increase the yield stress of the matrix material
leading to a higher elastic energy and thus an earlier, less ductile fracture behavior of the
matrix material. Note that for isothermal simulations with θ = [253, 273] K the matrix
material fails before any fiber cracks occur.
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Elastic parameters
Shear modulus µ 1630 MPa
Shear exponent α 2
Bulk modulus κ 6250 MPa
Bulk parameter β −2
Matrix volume ratio ζ 0.53
Tensile stiffness a 79000 MPa
Shear stiffness b 0 MPa
Bending stiffness [c⊥, c#] [16.46, 16.46] N
Plastic parameters
Yield stress [y0(θref), y1(θref), y2(θref)] [22, 56.8, 30] MPa
Saturation exponent [ωp1, ωp2] [1, 115]
Thermal softening parameter [ωt0, ωt1, ωt2] [0.4, 0.4, 0.4] K−1
Viscoplastic parameter ηp 5000 MPa · s
Viscoplastic exponent np 1
Plastic length scale lp 3.1 mm
Initial void fraction f0 0.01
Gurson fitting parameter [q1, q2] [3, 0.8]
Phase-field fracture parameters
Brittle critical fracture energy [gc,e, gcL , gcM ] [500, 500, 500] kJ/m2
Ductile critical fracture energy gc,p 50 kJ/m2
Saturation exponent ωf 3
Fracture viscosity [ηf , ηfL , ηfM ] [1, 1, 1] · 10−7 MPa · s
Fracture length scale [lf , lfL , lfM ] [3.1, 3.1, 3.1] mm
Degradation parameter [ag, agL , agM ] [0.001, 0.001, 0.001]
Thermal parameters
Specific heat capacity [cmat, cfib] [1860, 2080] kJ/(m3 ·K)
Thermal expansion coefficient [, υ] [106, 5] · 10−6 K−1
Thermal expansion parameter γ 1
Conductivity K 0.25 W/(m ·K)
Convection Kconv 0 W/(m ·K)
Reference temperature θref 293 K
Fracture & plastic dissipation factor [νpmat , νfmat , νffib ] [0.9, 0.9, 0.9]
Table 2: Material setting of the fiber reinforced composite (PA 6/Roving glass).
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Figure 13: Thermal investigations. Results of isothermal simulations at different temperatures of
θ = [253, 273, 293] K (each from left to right) and a fiber orientation of ϑ = 30◦. Results are
shown for the fiber crack phase-field (first block), the plastic strain field (second block) and
crack phase-field of the matrix material (third block) at the last deformation state marked
in Figure 12.
6 Conclusions
The non-linear framework presented in this work allows for a comprehensive investigation
of damage and fracture in fiber reinforced polymers. The combination of a second-
gradient theory, a novel hybrid phase-field model and a temperature dependent GTN-
type plasticity model provides a numerical framework which is able to describe different
failure mechanisms in detail. This approach allows for improvements in the design
of such composite materials since we are able to predict fiber and matrix failure and
their sequence dependent on the fiber orientation. Moreover, due to the fully-coupled,
thermomechanical approach we can optimize the fiber orientation for specific loads and
thermal states. Several numerical tests conducted within this work have demonstrate the
capability of the proposed framework to investigate such a complex behavior including
the growth of microvoids, plasification and necking, crack initiation and propagation
within the composite material and its components, respectively.
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